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INTEGRAL REPRESENTATION DISCONTINUOUS SOLUTION OF
THE PROBLEM OF BENDING OF ANISOTROPIC PLATES

Leaning on the ratios connecting deflection derivatives as the generalized function, with usual derivatives, the
differential equation which right part contains the generalized functions having jumps of a deflection, tilt angles, the
moments and generalized shear forces are resived. The solution of the equation is received in the form of convolution
of the fundamental decision with the right part. From the found representation the boundary integrated equations
(BIE) for the solution of the problem can be received. These BIE can be solved by method of boundary elements.

Key words: bending, an anisotropic plate, defects, discontinuous solution, generalized function, boundary value

problem.

Introduction

The structures of many machines have plate elements.
In these plates can be formed cracks. In addition they may
contain thin inserts of other materials. The research of
stress-strain state of such plates is an important problem.
At the same time, the solution of the corresponding
boundary value problems causing serious mathematical
difficulties. To solve these problems G.Y. Popov proposed
a generalized method of integral transforms [1]. This
method was developed in the work of G.A. Morar [2].
S. Crouch proposed a method of discontinuous shifts,
alternatively boundary element method (BEM) [3]. The
corresponding boundary elements for anisotropic media
were obtained in [4, 5]. There used the relationship between
ordinary and generalized derivatives of regular generalized
functions. This technique is used in this work.

If the boundary of the extended straight portion
includes a rigid or articulated fixing, then can be used as

G(x,y,E,m) Green’s function obtained in [7, 8].

Formulating and solving problems

Consider the following problem:
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where w(x,y) — the deflection at the point (x,y);
(x,y)e B R*, B —limited area, /, —piecewise smooth
boundaryof B, ;= 4,B; (; =1,k ) — smooth curves lying

in B . These curves can be closed, they can coincide ends.
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The end of one arc may be an interior point of the other. On
the line /, are given two boundary conditions. Also, two
conditions are given by on the lines /; .
Equation (1) describes the bending of anisotropic plate
with rigidity anisotropy D,, Dy, Dig, Dsg, Dy, De-
Curves /; simulate cracks or thin inclusions or

reinforcements.
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Ifthe curve / = B\ J/; , then are set there the following
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There M, —bending moment, H,, —twisting moment,

w
N, — shear force, O, — generalized shear force, n

W
normal angle of inclination, o
T

inclination. The tangent vector ¢ is chosen such that the

— tangent angle of

three vectors n , ;, k forma right-handed vectors.
Let us introduce the notation:

»(® —unit normal vector to the line /, outwardregion B ;
n® =(n, ng)) — arbitrarily chosen unit normal vector
04, i=1k;

£ — unit tangent vector to /,; T = (rg),r(yi)) -
unit tangent vector to /, ;

nff) = cos(n(i),x) ,

r(y’) :ni’) i =0,k .

ny) =cos(n'”, y) , ri’) = —n;’) ,

Denote the D%w(x,y) — derivative of

w(x,y) € D'(R*); {D"w(x,y)} — ordinary derivative

k
w(x,); () e R\JL
i=0

Using the relationship between D%*w(x,y) and

(D% w(x,y)} » We get:
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variable x on y.
4

or ax?, 5_‘)/
The first option.
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The second option.
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The third option.
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have the four options representations.
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The fourth option.
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permutation of letters x and V.

Four options for the

o*w
The first option.

64W 64w 63W 0)
_ (1
ooy {&czayz }Jr{ ay} (o)
oo
o H - W} O8(1y) + [ )6<lo)]+
o ( ) d Q)
+ ooy wn, 'd(1, ) ; v o(l;)+
0 (’)6 I } D&(1. j
+ @[ ( )J (A

The second option.

4 4 3
azwz _ azwz + 0 W2 n;0)8(10)+
Ox~0y Ox~0y Ox0y
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The fifth option.
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There [g(x, y)] —jump function g(x,y) when passing

through a curve /; in the selected direction of the normal;

d(!;) — delta function concentrated on the curve /; .

If @(x,y) € C*(R*) — the basic function, then
(DR 30, 9(x.2) =
= (e, 7)80), D o(x, 1)) =

= (D u(x, ) DU(x, vl
Substituting the expressions obtained in (1), we obtain
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The solution of equation (3) is obtained as the
convolution of the fundamental solution of the operator

L(w) with the right part (3).
The fundamental solution I'(x,y) of the operator

L(w) is a solution of equation

LT (x,)) = 8(x)3(») . @)

This solution was obtained in [6] and has two options.
The first option corresponds to a case when equation

Dyyu* +4Dyg’ +2(Dy, +2Dge ) +

+4 D, + D,, = 0 has four different roots:

o= tiB, Msg=0a, %y, o,eR, B;>0
(i=12).

The second option is obtained when the reduced
equation has multiple roots

Hp=a+if, p3y=0-if, qceRr,P>0.
The fundamental solution for the first variant of the
roots has the form:
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1
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For the second variant of the roots J.{ar(z) } (D), - Dzz)”g)”%i) +
I( 1 ( 2062 +82) 42 2) &n)
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DenOting: G(x: yaéa Tl) = F(x - (t:ny _Tl) , WE get
. oG(x,y,&,m)
Denoting, G(x,y,&m) = T(x=&,y-n) , we get +Ikﬂwlbﬁj;m&;5_w@m_
L'(x,y)* D(, ) (W(x, ¥)3(0)) =
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l 1
Thus, the solution of equation (3) has the form:
4 ul quat ( ) —‘[[W] (Dzzn(i) +D26n(i)) a3G(xaya§9n) ds _
W (x,y) = [[G(x.y.En)q(En)dedn + poEmE : o’ &
B
— [[W)e.yBDignY” + (D1, +2Dge)n) x
X e, O 16Me 12 661
+2 -] [N 0 ]@ T8 Mds e ) = i
=0\ 7. '
a G(x y9§ 77) d ( J.[W](é:’n) (3D26n,(7’) +
6§ on I;

J[an(’) lg )(Dll(ng))z +D12(”1(1i))2 +
l; n

5Gwy§n)%§J
n

+(Dyp + 2D66)nél)) 5 ®)
+2D, n(’) (,))6 G(x, 0,8, n)d(én)_ 0&0
oE? ’
G(x,y,E,m) canbe considered as a deflection at a point
'[{8 5 } (Dlz(”(l)) +D,, (n%i))z + (&,m) when the unit load concentrated at a point (x, y).
& Denote M, (G(x,»,6,M)y) the bending moment
2D 1 n®) *G(x, y,E,1) s B corresponding deflection G(&,m). Similarly, denote the
eoTe T 6112 &m remaining bending characteristics. After the transformation
in (8) we obtain
2]{&1(1)} (Dm("é”)z + Dy () + W(x,y)= IJ'G(x,y,é, n)dEdn +
(&) B
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[_ J. [N (i) ](i G(xa Yy, é) Tl)ds(é,n) +
i=0 i " "
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. S +
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1.
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1
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Let 4;(a;1,a;5), Bi(biy, biy) (i=1,k),1;(tj15152) —

corner points /.
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de(i) (G(xv y» é(s)a T](S))
ds
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S
— [ w(&(s).n(s) +0)

Si
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+w(&(sy),m(sy) — O)Hm(i) (G(x,»,E(s1),n(s1)) +

©)

dH_ , (G(x,y,8(s),n(s))
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S
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S
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B A,’IB[ [W(Eﬁ n)] 0s(&,m) SEn.

,[ [H,nm &, n)]w‘is(&,n) =
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B, Oz
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: Os

ds

}G(x, V&M (e
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Similar transformations could be done for the curve

at the points 7;(7;1,22), j=1,m.

Given the expression for Qn(i) , we get

W (x,3) = [[G(x,,En)q(&n)dedn +
B

k
+ Z{_ .[[Qn(i) (‘ia n)](i,n)G(xa y, ‘29 n)ds({:,ﬂ) +

li

. I{@w@m)

6n(1) :| Mn(i) (G(x: y:(tv’ n))(g,n)ds(g,n) -
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L

0G(x,y,E,m)
_ I [M (0 (i,n)]—an(i) dsge y +
I

+ [IEm0 o) (G(x, y,Em)ds e +
1.

i

+ [W(an N )]H 0 (G(x,p,a;,a,))—

tn

Wity by )]H,,,(i) (G(x, y,b;1,05)) +

+|H i) (bisbi )JG(X; Vibi,by) -

- [H o (@1,a; )JG(X’ V,a1,0)) +

tn

+ IQ,,(O) G(x: yaéa n)ds(g,n) -

—Mn(O) (G(x: y:(taa Tl))ds(g,n) +

0G(x,».5m) ,
+ J-Mn(O) ((t” n) 2 (0) S(&,n) +
lo em

+ [WEMO o) (G(x, . &5z ) +
lo

+ Z(W(tjlath)(Hm(Ol) (G p,t 5158 2)) =
=

_(Hm(OZ) (G, 5t 0555)) =
-G(x,y, tjbth)(H (o1 (tjlstj2) - Hm(02) (tjbth))) ,

there ;D and ,(°2 — normal direction at the point

tn

T;(t1,1;5) , corresponding to the beginning and end of a
bypass [, from 7; in 7; (j =1,m). Ifthe curve [, = 4,B;
has no points in common with /, (% « i ), then as aresult

of continuous jumps on the ll. outintegrated terms at the
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points A, and B, equals zero. From four integrals at /,

usually unknown jumps are contained in two. If /, models
the crack, the unknowns are the jumps of deflection and

the normal angle of inclination. If /;simulates the thin
insert rigidly engaged with the plate, the unknown jumps
moment and generalized shear force. Knowing the two

boundary conditions on [, and two conditions on

1.(i =1, k), to find the unknown functions can be obtained

the system of boundary integral equations possibly
strongly singular.

Conclusions

Obtained an integral representation for the deflection
of the anisotropic plate containing defects (curves on
which the discontinuities of the first kind: deflections, tilt
angles, moments or generalized shear forces). The resulting
representation allows us to reduce the boundary value
problem of the bending to a system of integral equations.
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Jlesaga B.C., Xuknsk B.K., Jleennpka T.1. InTerpajisne noganHs po3puBHOIO Po3B’s3Ka 3a1a4i 3rMHY aAHIi30TPOITHOL
ILIACTHHU

Onuparouucs Ha CniB8IOHOWIEHHS, WO 36 A3VI0Mb NOXIOHI NPOSUHY, K V3aedlbHeHO! QYHKYIL, 31 36udauHuMu
NOXIOHUMU, 00epiicanu ougepenyianvhe PiBHAHHA, Y NPABIll YACMUHI IKO20 MICMAMbCA Y3a2dlbHeHi (yHKYil, uo
Maoms CmpubKy nPOSURY, KYmie Haxusly, MOMenmie i y3azaibHeHux nepepiznux cui. Pose’a3ok pienanus ompumanoy
8USNIADT 320pMKU (DYHOAMEHMANLHO20 PO38 °A3KY i3 Npasoi yacmuHow. 3i 3HAUO0eH020 NOOAHHA MOXCYMb Oymu
ompumani epanuyti inmezpanvii pienannsa (I'IP) 0na po3s’azanna nocmasnenoi 3aoaui. Li I'IP mooicyms supiwtygamucs
MEmMOOOM SPAHUYHUX eNleMEeHMIE.

Knrouoei cnosa: seun, aHizomponua niacmuna, oegpexmu, po3pueHull po3e 30K, y3azaibHend (yHKYis, Kpaiosa
3a0aya.

Jlepana B.C., Xuxnsk B.K., Jleunkas T.. UuTerpaiapHoe npeacTaBjieHne pa3pbIBHOIO pellieHus 3a1a4u n3ruda
AHM30TPOIHOM IJIACTUHBI

Onupasce Ha COOMHOUIeHUs, C8A3bI8AIOUUE NPOU3BOOHbBIE NPO2UbA, KaK 0000uenHoll yHKYUU, ¢ 00bIYHbIMU
NPOU3BOOHBIMU, NOLYYUIU OUPPepeHyuaIbHOe YypasHeHtie, 8 Npasotll 4acmu KOmopo2o cooepicamcs 0600ujeHHvle
dyHKyuY, umer e CKauKy npo2uda, yeio8 HaKIoHd, MOMEHMOs8 u 0600ujeHHbIX nepepesvisarowux cul. Pewerue
VPasHeHUsL NOTYYeHO 8 8Uude CBePMKU (DYHOAMEHMATbHO20 peulenus ¢ npagoil yacmuio. M3 HatioeHHo2o npedcmasnerus
Mo2ym 6bImb NOYYeHbl 2PaHUYHble UHmezpaibHule ypasnenus (I 1Y) ona pewenus nocmasnennoul sadauu. dmu I Y
MO2ym peuamsbcs MemooOM SPAHUHBIX INeMEHMO8.

Knrouesvie cnosa: uzeud, aHuzomponHas niacmuna, oegexmaol, paspuvleHoe peuieHue, 0600ujenHas QyHKyus,
Kpaesas 3a0aud.
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