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THE EFFECT OF A MOVING LOAD ON A THREE-LAYER CYLINDRICAL
SHELL WITH A TRANSVERSAL ISOTROPIC FILLER

Purpose. To extend the approach previously proposed by the authors on the application of exact equations of
elasticity theory to problems of dynamics of three-layer cylindrical shells with isotropic filler to one of the possible cases
of anisotropy of the middle layer material, namely the situation when the filler is transversely isotropic. To obtain
accurate formulas and, based on them, to construct a picture of the stress-strain state in such a composite structure when
moving along the outer surface at a constant normal (radial) load speed.

Research methods. A mathematical model of the dynamics of a three-layer cylindrical shell has been constructed,
where the motion of the supporting layers is described by the equations of thin shell theory, and for a transversely
isotropic filler, the dynamic equations of the theory of elasticity of an anisotropic medium in general form are used. When
considering the problem in a stationary setting, Galilean transformation is applied, after which the integral Fourier
transform in complex form is applied to all sought and given values in the moving coordinate system. To calculate non-
proper Fourier integrals, quadrature formulas based on the Filon method for integrating rapidly oscillating functions
were developed, which made it possible to efficiently obtain numerical results with a predetermined accuracy.

Results. Based on the constructed model, the problem of a moving load that causes a stationary stress-strain state
of a layered cylindrical shell under various conditions on the surfaces of the joint between the filler and the supporting
layers is considered. In this case, the contact is considered both rigid and sliding, but the lag of the shells from the filler
is excluded. The difficulties that arise when solving the equations of motion of a transversely isotropic filler are overcome
by introducing a special method using undefined coefficients of potential functions. For all possible boundary conditions,
the results are obtained in the form of non-special improper integrals, which are calculated using special quadrature
formulas. The distribution patterns of displacements and stresses along both the length and thickness of the filler are
shown, a comparison with the results for the corresponding isotropic filler is made, and a mechanical analysis of the
results is performed.

Scientific novelty. For the first time in such a formulation, when the behaviour of the filler is described by exact
equations of the dynamics of an elastic anisotropic body, a solution to the stationary dynamic problem for a three-layer
cylindrical shell has been obtained. A comparison was made with the results previously obtained for the case of isotropic
filler. A special technique was used to introduce potential functions to find displacements and stresses in the dynamic
equations for transversely isotropic materials. Important partial boundary conditions at the boundaries of layer contacts
were considered.

Practical value. The results obtained with this approach can be used as reference values when constructing
simplified models of the dynamic behaviour of three-layer cylindrical shells, in particular those that take into account the
anisotropy of the filler. Examples of such materials include so-called ribbed sound-insulating materials.

Key words: Layered shells, transversely isotropic medium, integral transformation, potential functions, boundary
conditions, displacement, stress.

such structural elements are extremely widely used, in par-
ticular in aircraft and rocket construction, maritime

Dynamic problems for three-layer plates and shells  transport, construction and other industries. At the same
are of considerable practical interest due to the fact that  time, historically, at the beginning of the development of
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the theory of such systems, various simplified approaches
were proposed, based on hypotheses about the behaviour
of a lighter and softer filler relative to the load-bearing lay-
ers, which made it possible to obtain equations for describ-
ing the behaviour of the entire three-layer package which
were no more complex than similar equations for a single-
layer shell or plate. It is clear that the models would be ac-
curate if each of the layers obeyed (was described by) the
dynamic equations of elasticity theory, but in this case, the
calculation algorithm became much more complex and
could not be used effectively enough in engineering calcu-
lations. Therefore, this approach is usually used for com-
parison with the results obtained using the simplified mod-
els mentioned above, and examples of solutions using the
exact approach and the comparisons are given in mono-
graphs [1-4]. As numerous examples have shown, the most
effective approach in terms of the complexity-accuracy ra-
tio, especially in so-called stationary dynamic problems, is
the one where the motion of the load-bearing layers (which
are relatively very thin in relation to the thickness of the
entire layered plate or shell) is described by the equations
of the theory of single-layer shells, which are based on the
Kirchhoff-Lyaev or Timoshenko hypotheses, and the dy-
namic equations of elasticity theory are used for the filler.
In particular, monographs [1-2] present a large number of
stationary and non-stationary problems considered in this
formulation, comparisons with such solutions and with
simplified approaches, but in all the problems presented,
the filler was considered isotropic (homogeneous or with
variable mechanical characteristics in thickness). This pa-
per considers one of the problems of this class in order to
show how the approaches previously developed by the au-
thors can be extended to the case where the filler material
has different properties depending on the direction, i.e. is
significantly anisotropic, in particular in the case of a cy-
lindrical three-layer shell, which is a transversely isotropic
body.

Purpose of the work

A stationary dynamic problem is considered concern-
ing the reaction of a three-layer infinitely long cylindrical
shell to the movement of an axisymmetric radial load along
its outer surface at a constant subcritical speed. The aim of
the work is to extend the previously proposed approaches
based on Galilean transformation, the application of inte-
gral transformations, and the use of numerical algorithms
developed by the authors to reverse these transformations
to the case of a transversely isotropic filler. At the same
time, the main focus is on the analytical solution of dy-
namic equations for transversely isotropic filler material by
introducing potential functions in a special way, which
made it possible to obtain the transformants of displace-
ments and stresses in the image space in the form of com-
binations of Bessel functions. The results obtained in this
work can be used to construct simpler engineering models
for shells with transversely isotropic fillers.
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Material and research methods

An infinitely long three-layer cylindrical shell is con-
sidered, in the general case of an asymmetrical structure in
terms of thickness, i.e., one in which the thickness and me-
chanical characteristics of the load-bearing layers may be
different, and the filler, which is significantly lighter and
softer than the shell materials, is transversely isotropic. A
self-balanced radial load moves along the outer surface of
the shell at a constant subcritical and pre-seismic velocity.
It is necessary to determine the stress-strain state at arbi-
trary points of the load-bearing layers and filler and to eval-
uate the influence of the anisotropy of the filler material by
comparing it with similar results for isotropic material.

The mathematical model of the problem is con-
structed as follows. We will describe the motion relative to
thin load-bearing layers using the most well-known equa-
tions in shell theory and more accurate equations of the Ti-
moshenko type, which, incidentally, do not follow from the
equations of elasticity theory by simplification, but are an
intuitive discovery of an outstanding Ukrainian mechanic,
or by simpler equations based on Kirchhoff-Leva's hypoth-
eses and derived from the equations of elasticity theory. In
the first case, for the axisymmetric problem considered
here, the equations of motion of the skins are written as
follows [5, 11, 13]
Vi OW
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g- = Py -

ol a ox T 26, af  2G.h,
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ox 6l—v, ) ox2 " *3G, at?2

= Py (qu +pk)
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Here, the index k = 1 refers to the inner load-bearing
layer, and k = 2 refers to the outer layer, u, w are the dis-
placements of the points of the middle surface of the cor-
responding shell in the axial and radial directions, a is the
angle of rotation of the normal to the middle surface, Gk,
pk are the shear modulus and density of the materials of the
corresponding shells, hk, ak are the thicknesses and radii
of the middle surfaces of the load-bearing layers, B2 is the
Timoshenko coefficient, grk, gxk are the radial and axial
reactions from the filler on the motion of the load-bearing
layers , p1 = 0, p2 — intensity of external moving load.

For Kirchhoff-Lyaev equations, we will have the fol-
lowing [7, 10, 12]
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Considering the filler to be transversely isotropic, we
write the dependencies between stresses and strains in the
general spatial case in the following form

Oxx = C11&xx T C12&yy +C13€4,
1

Oyy =Cpp&yx +C118yy T C1385,

Oz :Cl3(gxx +‘9yy)+ C33€2
1

Oyy = E(Cll —Cp2 )‘gxy v Oy =Cquéyyy Oz =Cyy€sy (3)

In practice, the following technical constants are usu-
ally used: E, E'- Young's moduli for tension — compression
in the direction of the plane of isotropy and, respectively,
in the direction normal to this plane, v — Poisson's ratio,
which characterises transverse compression in the plane of
isotropy when stretched in this plane, v' — the same charac-
teristic when stretched in the direction normal to the plane
of isotropy, G = E/2(1+v), G' = E'/ 2(1+Vv") — shear moduli
for the plane of isotropy and any plane perpendicular to it.

In this case, we obtain the necessary dependencies for
further use in an obvious way [6]

__ Elevie)
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First, we write down the dynamic equations of elas-
ticity theory in stresses for the filler, which in a cylindrical
coordinate system and for an axisymmetric problem have
the following form [15]

0o, Ooy 1 azux
— 2 4 — = —,
x o ron TP
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and then, rewriting the dependencies (3) in a cylindrical
coordinate system and using the Cauchy relations accord-
ing to which

ou, ou, u, ©
e, = , &, = y €gp =,
rr ar XX aX 00 r
gXI’ = % + a& s
ox or

we arrive at the equations of motion of a transverse iso-
tropic filler in displacements
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Due to the fact that the thicknesses of the bearing lay-
ers are relatively small, it is assumed that the filler contacts
each of the shells along their middle surfaces, and then the
boundary conditions for the system of partial differential
equations (7) are written as follows:

if the contact is considered to be sliding but lagging
is excluded, then

—0n (r = al)'
Qr2 (r = aZ)

considering the contact to be rigid, the boundary conditions
are written as follows

(8)

r=a oy=0u =W,Grr={

—0Ury (r = al). 9)

at r=a, U, =wW,u, =U,0 =—0y 0 ——{
k U 1 Hx 1 Orx Xk Crr

Note that since the problem is considered in the so-
called steady-state formulation, there are no initial
conditions for the system (7).

Since in this problem the load moves along the shell
at a constant speed c, we apply Galilean transformation to
all equations of the problem, according to which a moving
coordinate system is introduced by the formulas

r=r,

X—ct
a,

Now, in the coordinate system according to (10), the
stress-strain state of our structure remains unchanged over
time (the values do not depend on the variable t), but
changes when the load velocity ¢ changes.

Let us move to the moving coordinate system in
equations (1), (2) and (7) according to formulas (10), then
instead of (1) and (2) we will have ordinary differential
equations with variable 1, and (7) will become equations in
partial derivatives with variablesnand r = r'
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System (2) takes the following form

1- (1-v)pc® | d?u " 3, dw _ (1—Vk)a2
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The equation of motion of a transverse isotropic filler
in a moving coordinate system is written as follows
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Since the functions u, w, a, Uy, Ur together with their
derivatives tend to zero atly|— oo, then we apply to
equations (11)-(13) and boundary conditions (8), (9) a
complex integral Fourier transform with respect to the
variable 1)

W= fwe 10y, W——J'we'f”de:

—00

(14)

Then, in the image space, instead of (11) and (12) we
will have systems of algebraic equations, and instead of
(13) we will have a system of ordinary differential
equations with respect to the transformants of the sought
quantities

2
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Equation (12) in the image space looks like this
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Before translating system (13) into the image space,
it is advisable to introduce potential functions according to
the following formulas

o
=—(o+v),
1

Uy = a—za(kﬂ’ ko).

I’

(17

If we substitute expressions (17) into system (13), we
obtain the following partial derivative equations for
determining functions ¢ and vy

? 10 x 0 “o

2t T2 2P
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where x1 , X2 are roots of the following quadratic equation
that are not equal to each other

011C44X2 - l(c44 - PCZ}344 + (C33 - PCZ}"M - (013 +Cyy )2j><+ . (19)
*1Cs3 —PC2XC44 —P02)= 0
and the unknown constants k; and k, are determined from
the following relation

k(Cls + C44)+ (C44 - PCZ): Cp1X - (20)

Note that in the case of an isotropic body, when the
following conditions are satisfied E = E', v=+V', G = G
equations (19) and (20) take the following form

xz—(m2+m52)x+m2m52=0. (21)
k=2@01-v)x—(1-2v)m? (22)
Here
2 c 2 c?
m :1——2, ms :1——2,
Cp Cq

where cp, cs are the propagation velocities of tensile-
compressive and shear waves in an isotropic medium
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From equations (21) and (22), we find x; = m?,
X2 =mg, ki = 1, k, = m¢? and formula (18) becomes wave
equations for an isotropic body.

The expressions for the components of the stress state
of a transversely isotropic filler through potential
functions, which are necessary for further calculations, are
written as follows

O __ Pk 52¢_ﬂ+k2 62‘/’_%1‘%21&

+
Cas a5 on® al on®  Cy ror o+v)
o _1+k g +1—i—k2 %y ﬂzl—ﬁz. (23)
Cu 8@, Ordn a, oron’ Cus

In the image space, equations (18) take the following
form

_d 25 ld_a_ lez =0
dr? rdr  al ’
diy 1diy  x&%
L4 -0. 24
dr? rdr a2 v @

Each of the equations (24) is a Bessel equation, the
solutions of which, depending on the values of x; and X
will be Bessel functions of various kinds. In particular, for
load velocities that are less than the velocity of shear waves
in the corresponding isotropic medium and less than the
critical velocity, the roots x; and x of equation (19) are real
and positive numbers. Then the solutions of equations (24)
take the following form

o(r.2)= A&Ko[el—fr}Azlo(e;—‘frj,

aQ 2

7 (r.é)= AsKo(e;i}Auo(ﬂ],

2 )

(25)

where g :\/x_, e, :\/x_, In(x), Kn(x) are Bessel
functions of the first and second kind from the imaginary
argument [14].

Applying the Fourier transform to formulas (17) and
(23), and then substituting expressions (25) into the
transformed formulas, we find the transforms of
displacements and stresses at all points of a transversely
isotropic filler, in particular, we will have the following
formulas

u, = _%[elKl(el'fr* )Al + el'l(elfr* )Az +€; Kl(ezgr* )Aa +

+eply(En A b = aL

2
2
=S [(8+ K )Ko(eh )y + (B -+ o ey )A, +
2

Cyu 4
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T S oKy (e, A + &1y (6,6 )A, +
44 '

+6,Ky (6,80 )Ag + &1 (e 5 )A4]
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In the image space of equations (15) and (16), which
are systems of algebraic equations, we use them to obtain
dependencies between the transformants of loads
transmitted to the outer and inner surfaces of the filler, and
the displacements of the shells, which, according to
conditions (8) and (9), coincide with the displacements at
the boundaries of the filler. At the same time, if the contact
between the skins and the filler is considered to be sliding,

then in (15) and (16) we must setq,, =0 and express J,,
only through W . If, however, the contact is considered to
be rigid, thenq,, andg, are found to be dependent
simultaneously onw andu Based on these
considerations, we find that in the case of a rigid contact

with system (16), the above dependencies are written as
follows

A 115 et

26, | xRt a1
=— — + k _
Urk Pk 1-v, Z{[ 12 @ ( )

-V, __
3 Cgkfz]w (27)

+ icka(p(k)ﬁ]
and in the case of sliding contact, we have the following

2G 254 32
k2 ks + (k) 1- |-
1-v, 12 3—(L—vy )i

(28)

Ork = =Pk —

1—Vk

2 g2 |05
Coxs }w.

where the following designations are introduced

1
— (k=1
o=1e €7V o —1yy,).
1 (k=2)
:h_z, S_az_al Co = 30 ¢
a, h, 2G

The formulas for these dependencies have a similar
form when using equations (15), but first we must exclude
o from the second and third equations and deal with a
system similar to system (16).

If we now substitute expressions (27)—(28), as well as
formulas of the form (26) for the transforms of
displacements and stresses in the boundary conditions (18)
or (19) recorded using the integral Fourier transform, we
obtain a system of algebraic equations for determining the
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functions A (&)= A,(£), the solution of which by Cramer's
method will be written as follows

A = 1 aZ—A“l = _iﬂ
& oot TG Aol
_ _L az Az
& G e252Kl(ezé:)det”a” " |
i a3A
A= ezézll(;é?dﬂ"au I -

where the elements of the determinant det"aij " in the case

of sliding contact are calculated using the following
formulas

Ay =268, 8 =—26S4 , A3 =NS; ,dy =MNS)p
Ay =28 ,8y =—28 83 =N ,ay =N,

ag) = MESy + 261 S, , 8y = M85 —2e1ks, , (30)
Agy = 2(82588 +t157)y gy = —2(625311 —t1510) '

ay = NSy + 26ty , a4 = NiéSe — 26t

Qg3 = 2(6p8810 +15) g = —2(e5881, o) |

n1:1+e22,n2=1;” ,
—v
tl =]7/81 ,t2 =1_n2n4 )
G, ~_p
7:_1/) ]
G P
2.4 2
& 1 3vg 1-vy 2.2
ng = +—|1- - Cos&”,
T 12 gf( (l—vk)cgJ 3
_ Ky(eigey) 5, = Ko(eue1) L= Kolewf)
Kl(elf ) Ky (e¢) Kl(elé: )

s4— Sg are obtained from s;— szby replacing the functions
Kn(x) with the functions I,(x), s7— Sefrom s;— s3, and S10— S12
from ss — s by replacing e; with e, , ns is found from n;
when &1 = 1, and A4 — minors of elements.

In the case of rigid contact (9), the functions Ay are

calculated using formulas (29), if det"aij " is replaced with

det"bij " , Agj with By, and the elements of the determinants

are found using the following formulas

by = 2ey(1—ng)sy — 3, , by, = —2e4(1—ngJs, —tgss
byg = (0 — 2ng )87 —taSg. bra = (ny = 2ng Js1 + Sy
by, = 28 (L -1, )~ tsS;, byp = 21 (L— v, )~ tssg
by3 =n —2vn, —t,Sg, by =1 — 2, +1,5;,
by, = 2e1ng8; + £(ny +2ng )5,

b, = —2eyngs, + (N, + 2ng Jss

bz = 2ngS; + 26,£(1+ g )sg,
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bay = 2810 — 26,E(L+ Mg )5y ,
by = 2eiMyg + &y — 2v, )5,
by = —2einp + £(ny - 2my )5
bys = 2nyq + 26,5 (L -0, Jsg
byy = 2ny — 26,5(L- 1),

2.4
n—l§+ 1-v 20
5~ 2 05
12 & 3
1-v 1%
n,=1-=—c2, ng=—n, ,
&

1
&
t3 = 2n2n7 y
where ng is obtained fromns ate; = 1.

After finding A1 + A4 using formulas (29), we find
the transformants of displacements and stresses using
expressions (26). As a result, we arrive at the following
dependencies

U_r — (é e ) (32)
hz 2G det||a ” ||
V(f e ) =114 Au1 + €516 Aup +S18Au3 — Sp0Auas (33)
_rr = 5(5, r*) ) (34)
det"aij ||

g(g,r*) (n15513+ 2re

%

S14 jAzu - (n1§316 -

JA42 +

1 1
+ 2{925317 + r_318JA43 + 2[925319 —r—szoJAM , (35)

% %

Ko(eigr) Ky(eyéh) r

Sj3=——"+%,54 = , kK ,
v Ky (&) H Ki(e,¢) a
Si5 — S16 are obtained from si3 — s14 by replacing the
functions K, with the functions I, S17 — S1g from Sz — S1a,
and s19 — Sz from sis —s16 by replacing ex with ez,
As an example, calculations are performed for a ring
load moving along the outer shell at a speed of ¢
p(x.t)= pos(x—ct), (36)
where 6 (x) is the Dirac delta function.
After applying the inverse Fourier transform in the
space of originals, we obtain the following improper

integrals for finding displacements and stresses at arbitrary
points of a three-layer shell

2G 2°°v§r*cos§77)d , 37
P det"a“” : (&)

o-rra2 _ 175(£,k )cos( 577)
= ﬁg dée. (38)

det"aIJ ||
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From the results obtained, we can obtain solutions for
some boundary cases. In particular, if we assume that the
inner surface of the filler does not contact the supporting
layer, we obtain a problem about a shell with a hollow filler
on the inner surface of which there are no stresses, then at
r = a1, we have the following boundary conditions

Orr — 0, Orx = O (39)

The solution is given by formulas (37) and (38) if

some elements of the determinant are replaced as follows

S S4
81 = MeSy + 2‘3‘1(’?— » Agy =MyeSs — 28—,

1 &
S S
A3z = 2[62538 + 8—7] v Q= _2[325511 - %J .(40)
1 1

Under conditions (39) and rigid contact between the
outer shell and the filler in formulas (31), taking into
account (40), the following substitutions must be made

by =ay;,

b3j = agj (j = 1, ,4). (41)

All other elements of the determinants det"aij || and

det"bij" remain unchanged.

If the inner shell is considered to be absolutely rigid,
then in the case of sliding contact between such a shell and
the filler, the following conditions must be satisfied
whenr=a; u =0, o =0 (42)
and in the case of rigid contact, this condition is written as
follows
u=0, u=0

whenr=a; (43)

and in the latter case, the elements in the determinant
det"bij” must be replaced as follows

b =-s2, b1z =-S5, b1z =-e238, bis = ez 51,

bs1 =es1, bs =-ess, bas =s7, bz =sm0. (44)

In all cases, to obtain the final results, it is necessary
to calculate the improper Fourier integrals according to the
formulas of the form (37), (38) and, since, as can be seen
from the above calculations, the subintegral functions are
very complex, these integrals cannot be calculated
analytically, i.e., the answers cannot be obtained in the
form of combinations of elementary and even special
tabulated functions. In this regard, we have developed a
special programme that takes into account the fact that, due

to the presence of cosines, we are dealing with highly
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oscillating subintegral functions. Therefore, we applied a
special method proposed by Filon for constructing
quadrature formulas, which allowed us to obtain numerical
results with any desired accuracy in an optimally short
period of time on a personal computer.

As an example, calculations were performed for the
following parameter values: E/E'=1.3; v=10.3; v' = 0.2;
p/p'=1.5; hi=hy; a)/ai=1.2; x= hy/a; =0.004; E1 = E3;
p1 =p2;y=E1/E=125,p" =p1/p=12.5. For comparison,
the results for the corresponding isotropic filler are also
given, where E' = E, v' =v, p' = p. Fig. 1 shows the change
in deflections of the outer load-bearing shell (w" = G, w/po)
along the length at co1 = 0.05. Here, curves 1 correspond
to the solution for rigid contact between the load-bearing
layers and the transversely isotropic filler, curves 2 have no
inner load-bearing layer, and curves 3 have a completely
rigid inner layer. The dotted curves correspond to the
isotropic filler.

0 0,1 0.2 03
0 —_l

i

1,5

4,5 ~Wx

Figure 1. Distribution of shell deflections along the
length

Figure 2 shows similar graphs for dimensionless
(c"= -az0r/po) contact stress on the contact surface of the
outer layer and filler. Fig. 2 shows that with distance from
the point of application of the concentrated ring load, the
contact stresses change sign, which indicates the
possibility of separation of the loaded shell from the filler
in the case of sliding contact. In addition, Figures 1 and 2
show that changing the conditions on the inner surface of
the filler significantly affects the deflections of the loaded
bearing layer and has a much smaller effect on the contact
stresses on the outer surface of the filler. The anisotropy of
the filler material for the given parameter values does not
change the qualitative picture, but it does change the
quantitative characteristics of the stress-strain state of such
a mechanical system composed of three elements.

Figure 3 shows the distribution of dimensionless
radial displacements, and Figure 4 shows the distribution
of dimensionless radial stresses across the thickness of the
filler for different cross-sections 1 = const during the
movement of the ring load. The meaning of indices 1-3 is
the same as in Figures 1 and 2.

It can be seen that with distance from the point of
application of the load, the distribution pattern changes
significantly, especially for stresses.
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Figure 2. Contact stresses between the outer load-
bearing layer and the aggregate

1,6

1,2

0,8

0,4

Figure 3. Radial displacements in different cross-sec-
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Figure 4. Change in normal stresses across the
thickness of the filler filler
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In conclusion, we note that the approach proposed in
this work to extend the authors' approach describing the
dynamics of three-layer shells to the case of a filler made
of transversely isotropic material opens up possibilities for
its use for other types of anisotropic materials. At the same
time, the main difficulties on this path may arise when
integrating dynamic equations for such media.

Conclusions

1. A semi-accurate mathematical model is proposed
to describe the dynamics of a three-layer cylindrical shell
with a transversely isotropic filler, where the motion of the
supporting layers is described by the equations of motion
of such shells, which are based on the approaches of
Timoshenko or Kirchhoff-Lyau, and for the filler, the exact
equations of the elasticity theory of an anisotropic body are
used, with the contact conditions at the boundaries of each
of the three layers being satisfied.

2. To solve the stationary dynamic problem of motion
along the surface of an infinitely long three-layer
cylindrical shell, an algorithm has been developed that
consists of using Galilean transformation and applying, in
a moving coordinate system that moves together with the
load, complex integral Fourier transform. In this case,
potential functions are introduced in a special way using
previously unknown coefficients in the image space for
integrating the equations of motion of a transversely
isotropic material.

3. In general, the results after applying the inverse
Fourier transform are obtained in the form of improper
integrals with complex subintegral functions, therefore, for
their approximate calculation with a given accuracy, a
program has been developed based on the method proposed
by Filon for constructing quadrature formulas for the case
of strongly oscillating functions.

4. Various cases of boundary conditions on the inner
surface of the filler are considered as special cases of the
general results, in particular, the case of a shell with a
liquid filler and a shell with a filler and a rigid core inside
it.

5. For all the problems considered, numerical results
were obtained using a computer and corresponding graphs
were constructed, showing the influence of anisotropy and
boundary conditions on the stress-strain state of a
cylindrical shell composed of three layers.

6. The results of the work can be used for comparison
when constructing approximate models of the dynamics of
three-layer cylindrical shells with both isotropic and
anisotropic filler material.
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Mema pobomu. Po3noscrooumu paniwie 3anponoH08aHull asmopamu nioXio npo 3aCmMoCy8anus 0is 3a0ay OUHA-
MIKU MPLOXUAPOSUX YUTTHOPUUHUX 0OOTOHOK 3 I30MPONHUM 3ANOEHIO8AYEM MOYHUX PIBHAHbL MEOPIi NPYIHCHOCII HA 00UH
i3 MOJMCTUBUX BUNAOKIE AHI30MPONii Mamepiany cepedHbo20 Wapy, a came CUmMyayiio, Ko 3ano8niosay € mpanceepca-
JbHO i30mponuum. Ompumamu mouni popmynu i Ha ix 0cHo8i no6YOysamu KapmuHy HanpyHCeHo-0ePopmMo8ano2o CMamy
6 MaKiti CKNaoeHill KOHCMPYKYii npu pyci 830084 308HIUHbOI NOBEPXHI 31 CIANON WBUOKICMIO HOPMANbHOZ0 (padiaib-
HO020) HABAHMAICEHHS.

Memoou oocnioncenna. Ilodyoosana mamemamuyna Mooeib OUHAMIKU MPbOXULAPOBOT YUTIHOPUUHOI 0D0IOHKU,
KO PYX HECYUUX WAapi6 ONUCYEMbCS PIGHAHHAMU Meopii MOHKUX 0D0JOHOK, a OJi MPAHCEEPCalbHO I30MPONHO20 3an0-
BHI08AUA GUKOPUCMOBYIOMbCS OUHAMIYHI PIBHAHHA Meopii NPYAHCHOCMI AHI30MPONHO20 CepedosUwa y 3a2d1bHOMY GU-
enAadi. Ilpu poszensidi 3a0aui y cmayioHapHiti nOCMaHosyi 3acmocosyemovcs nepemeopenns I anines, nicis 4oeo 6 pyxomit
cucmemi KOOpOuHam 00 yCix WiyKaHux i 3a0aHuX eaudut 3aCmoco8yEmupcs inmezpanbhe nepemeopentus yp’c y kom-
niexcHiu gopmi. [ns obuucienna nesiachux inmezpanie @yp’e pospobieno keaopamypHi popmyau, sKi OCHOBAHI HA
memooi Daiinona 0as inmezpy8ants WEUOKO OCYUTIOIOUUX QYHKYIU, 1o 003601UN0 eeKMUBHO OMPUMYBAMU YUCETbH]
pe3yibmamu i3 Hanepeo 3a0aHo0 MOYHICHIO.

Ompumani pezynomamu. Ha ocnogi no6yoosanoi mooeni po3eisinyma 3a0a4a npo pyxome HABAHMANCEHHs, Ke
BUKTUKAE CMAYIOHAPHUL HANPYHCEHO-0ehOPMOSAHUT CIAH WAPYEamoi YurinOpuuHoi 060NI0HKYU NPU PI3HUX YMOBAX HA
NOBEPXHAX CIMUKY 3aN06HI06a4a i Hecyuux wapie. IIpu ybomy KOHmMaKm po3enioacmovcs AK HCOPCMKULL, MaK i KOG3HULL,
ane 6UKIIOYAEMbCA GI0CMABANHA 00010HOK 6i0 3an06HI06a4a. CKIaoHoWi, AKi 6UHUKAIOMb NPU PO36 SA3AHHI PIGHAHL PYXY
MPAHCEEPCANLHO [30MPONHO20 3AN06HI06AYA 300aHI WNAXOM B6€0€HHS CREYIaNbHUM CHOCOOOM 3 GUKOPUCMAHHAM He-
BUBHAYEHUX KOeDIYIEHMI8 NOMEHYIANbHUX QYHKYILL. [ yCiX MONCIUBUX 8APIAHMIE 2DAHUYHUX YMOEG PE3YIbIamu Ompu-
MaHi y 8u2i0i HeOCOOMUBUX HEGNACHUX IHMe2panis, KL 0buucieHi 3a cneyianbHuMu Kéaopamyprumu gopmyramu. Ilo-
Ka3aHi KapmuHu po3nooiny nepemiujens i HanpyjiceHs K 3ad 008XHCUHOIO MAK | 3a MOBUUHOIO 3AN0BHIOBAUd, NPOBEOEHO
NOPIGHSHHS 3 pe3yTbmamamiy 0isi 8ilON0BIOHO20 I30MPONHO20 3ANOGHIOBAYA | NPOBEOEHO MEeXAHIYHUL AHAI3 Pe3yibma-
mie.

Haykoea nosusna. Bnepuie 6 maxiii nocmaro8yi, KoJu n08edinKa 3ano8HI08a4a ONUCYEMbC MOYHUMU PIGHAHHAMU
OUHAMIKU NPYICHO20 AHI30MPONHO20 MINA, OMPUMAHO PO36 A3AHHA CMAYIOHAPHOL OUHAMINHOT 3a0aui 015 MPbOXWapo-
801 yuninopuunoi 06010nKu. IIpoeedeno NopieHANHA 3 pe3yTbMaAmamy patiuie OmpuMaHumy 0Jis 6UNAOKY i30MpONHO20
3an06HI06a4A. 3ACMOCO8ANO cneyianbHUll NPUioM 015 86€0eHH s NOMEHYIANbHUX QYHKYIL 01 3HAX0O0JCEHHA nepemiujeHb
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[ HanpydiceHb 8 OUHAMIYHUX PIGHAHHAX OIS MPAHCEEPCANLHO [30MponHux mamepianig. Posensinymi easicnusi uacmunni

CPAHUYHI YMOBU HA SPAHUYAX KOHMAKMIE Wapie.

Ilpaxmuuna yinnicme. Ompumani npu maxkomy nioxooi pe3yrbmamu MOX*Cyms OYmu 6UKOPUCMAHI 8 AKOCHI ema-
JIOHHUX NpU no6Y008i CHpoueHUx mooeneti OUHAMINHOL NOBEOIHKU MPbOXULAPOBUX YUTNTHOPUUHUX 0O0IOHOK, 30Kpemd
MAaxKux, sKi 8paxosyioms AHi30Mponiio 3anoeuI0eadd. /o makux MoxdcHa 05t NPUKIAdy GIOHeCmuU Max 36aHi pebpucmi

36YK0I301101041 Mamepianu.

Knrwouoei cnosa: Lllaposi 00010HKU, MPAHCEEPCAILHO [30MPONHe cepedosuue, iHmezpaibHe nepemeopeHHs, nome-
HYIANbHI OYHKYIL, 2PAHUYHI YMOBU, NEPeMIlyeHHS, HaANPYI’CEHHSL.
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